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ABSTRACT 


Busching,  Herbert  William.   Ph.D.,  Purdue  University, 
January,  196? .   A  Laboratory  Investigation  of  the  structural 
Design  of  Bituminous  Mixtures.   Major  Professor:  William 
H.  Goetz. 


This  research  was  undertaken  to  investigate  theory 
and  tests  that  would  be  useful  in  describing  the  behavior 
of  transversely  anisotropic  bituminous  mixtures.   It  was 
also  the  purpose  of  this  study  to  instrument  a  typical  ele- 
ment of  bituminous  mixture  to  obtain  measurements  that 
could  be  used  in  describing  the  stress-deformation  behavior 
of  the  material  tested.   The  theory  and  testing  procedures 
were  complementary  and  provided  quantitative  parameters 
that  describe  the  response  of  a  bituminous  mixture  subjected 
to  creep  loading. 

Laboratory  tests  undertaken  to  substantiate  the  theory 
include  uniaxial  compression,  direct  shear,  uniaxial  com- 
pression with  volume  change  measurements  and  torsion  tests. 

The  matrix  equation  that  was  derived  and  can  be  used 
to  describe  the  behavior  of  transversely  anisotropic, 
nonconservative,  statistically  homogeneous  materials  subject 
to  small  strains  is  as  follows: 
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Torsion  and  shear  tests  were  performed  to  determine  the 
invariance  of  one  element  of  the  material  coefficient  matrix. 
Good  agreement  was  noted  for  the  moduli  obtained  from  these 
two  tests  with  different  boundary  condition-. 

Stiffness  and  shear  moduli  as  well  as  value-  of  Polsson's 
ratios  were  obtained  for  various  orientations  within  the  mixture 
Testing  results  for  the  mixture  compacted  in  the  laboratory 
substantiated  the  anisotropic  nature  of  the  material.   Three  • 
loads  applied  at  three  test  temperatures  were  utilized  i-i 
determining  the  coefficients  that  could  be  used  to  describe 
behavior  of  the  material. 

Mixture  stiffness  was  found  to  be  greater  in  the  direction 
of  the  applied  compactive  forces  than  in  orthogonal  directions. 
Additional  work  is  necessary  to  measure  Polsson's  ratios 
accurately  by  means  of  volume  change  measurements  when  small 
strains  prevail. 
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The  results  of  this  investigation  indicate  that  the 
concepts  of  the  research  have  potential  application  when 
utilized  in  the  design  of  bituminous  mixtures.   The  concepts 
and  parameters  verified  in  laboratory  testing  have  possible 
use  in  proportioning  constituents  of  bituminous  mixtures  as 
well  as  in  unifying  mixture  design  and  pavement  design 
procedures. 


INTRODUCTION 

Bituminous  mixtures  are  being  used  In  modern  highways 
as  wearing  courses  as  well  as  load-distributing  layers.   In 
these  applications  both  the  bituminous  material  and  the  aggre- 
gate serve  as  structural  elements.   Recent  emphasis  (35)  (23) 
has  been  placed  upon  specifying  more  exactly  the  role  of 
bituminous  materials  and  mixtures  when  used  in  any  position 
in  a  layered  system. 

Currently  used  design  methods  (30)  employ  stability 
numbers  that  may  provide  some  measure  of  statistical  quality 
control,  but  do  not  relate  mixture  constituents  to  loads  im- 
posed on  the  pavement.   Moreover ,  the  response  of  the  mixture 
to  load  in  useful  engineering  units  such  as  stress  and  strain 
is  not  considered. 

At  the  present  time  no  single  theory  of  material  behavior 
which  considers  time-dependent  characteristics  of  bituminous 
mixtures  is  widely  used  in  the  design  of  flexible  pavements. 
Actually,  bituminous  mixtures  exhibit  both  time-  and  temperature- 
dependent  behavior.   Evaluation  of  the  dependence  of  bituminous 
mixtures  on  time  and  temperature  is  important  in  predicting 
mixture  behavior  under  traffic-load-associated  stresses  as 
well  as  non-traffic-load-associated  stresses. 


Approximate  analyses  of  the  time-dependent  deformation 
of  bituminous  mixtures  have  been  made  within  the  theory  of 
linear  viscoelastlcity .   The  difficulties  associated  with 
nonlinear  behavior  of  the  material  and  the  Inversion  of  trans- 
formed viscoelastic  solutions,  however,  have  been  deterrents 
to  the  general  application  of  this  theory  to  the  design  of 
flexible  pavements  and  bituminous  mixtures.   In  addition  to 
this,  the  correspondence  principle  requires  that  before  the 
viscoelastic  solution  can  be  obtained,  the  associated  elastic 
problem  must  be  amenable  to  solution.   It  should  be  noted 
from  this  discussion  that  viscoelastlcity  solutions  depend 
on  elasticity  solutions  while  elasticity  solutions,  in  turn, 
depend  on  conditions  and  assumptions  related  to  the  mechanical 
response  of  the  material  under  consideration.   Therefore,  a 
basic  approach  in  describing  the  mechanical  behavior  of  mater- 
ial starts  with  the  laws  of  physics  applicable  to  continuous 
media. 

Physical  testing  of  typical  material  elements  is  required 
for  determining  what  constitutive  mechanical  relations  exist 
for  particular  materials.   The  typical  element  may  or  may  not 
be  statistically  homogeneous  and  Isotropic.   In  addition, 
phenomena  at  the  atomic  and  molecular  levels  which  contribute 
to  the  complex  mechanisms  that  relate  input  and  output  for  a 
typical  element  may  be  evaluated  quantitatively,  provided 
these  phenomena  contribute  some  measureable  mechanical  response. 

Hence,  the  theory  of  mechanics  of  deformable  bodies  pro- 
vides a  sufficiently  general  framework  within  which  constituents 


of  bituminous  mixtures  can  be  evaluated  and  pavement  response 
to  traffic-  and  temperature-induced  stress  can  be  predicted. 

The  general  theory  of  continuum  mechanics  incorporates 
the  general  equations  of  motion  in  three  dimensions  and  the 
mathematical  definitions  of  strain  which  are  valid  for  all 
materials.   Besides  this,  some  approximation  of  material  be- 
havior is  used  to  relate  material  response  to  stress.   The 
theory  of  elasticity  is  often  used  to  analyze  materials  that 
are  assumed  to  be  homogeneous,  isotropic  and  time-independent; 
however,  this  is  merely  a  special  case  of  the  general  theory 
of  the  mechanical  behavior  of  materials. 

Jauchy's  generalized  statement  of  material  behavior  which 
is  utilized  in  this  study  states  that  a  relationship  between 
stress  and  strain  exists.   It  is  possible  to  evaluate  the 
time  and  temperature  dependence  of  stress  and  strain  within 
the  framework  of  this  general  statement. 

3ecause  bituminous  mixtures  are  placed  in  layers  that 
differ  on  the  basis  of  composition,  thickness  and  state  of 
compaction,  It  is  reasonable  to  hypothesize  that  the  material 
will  behave  as  a  transversely  anisotropic  material.   A  trans- 
versely anisotropic,  or  hexagonal,  material  (20)  has  one  axis 
of  rotational  symmetry.   Hence,  deformation  response  of  the 
material  to  stress  will  be  direction-dependent. 

Material  coefficients  similar  to  those  of  the  hexagonal 
system  may  be  used  to  describe  layered  systems  of  this  type. 
Six  material  coefficients  exist  for  a  statistically  homo- 
geneous, nonconservative  and  transversely  anisotropic  material 


analogous  to  the  two  material  constants  that  exist  for  homo- 
geneous, elastic  isotropic  bodies. 

This  investigation  was  undertaken  to  instrument  a  typical 
element  of  bituminous  mixture  and  to  evaluate  the  six  material 
coefficients  for  a  bituminous  mixture  compacted  in  the  labora- 
tory.  Since  the  material  coefficients  are  functions  of  time 
and  temperature,  they  may  be  used  to  relate  stresses  and 
strains  that  develop  in  transversely  anisotropic  material  sub- 
ject to  loads  of  varying  duration  applied  throughout  a  range 
of  temperatures. 


REVIEW  OF  LITERATURE 

This  review  of  literature  presents  two  aspects  of  mech- 
anistic description  and  evaluation  of  materials.   The  first 
portion  summarizes  some  Important  observations  from  continuum 
mechanics  and  general  material  behavior,  while  the  second  por- 
tion presents  a  resume'  of  some  contributions  to  the  evaluation 
of  bituminous  mixture  behavior. 

General  References 

Initial  investigations  of  the  mechanical  behavior  of  mat- 
erials are  centuries  old.   The  theory  of  elasticity  as  it  is 
utilized  today  received  Important  experimental  and  theoretical 
contributions  from  Hooke,  Cauchy,  Navier,  and  others  (9)  (12) 
(27).   Todhunter  and  Pearson  (^6)  have  summarized  the  histor- 
ical development  of  the  theory  of  elasticity  and  Love  (27)  has 
presented  a  classic  account  of  mathematical  aspects  of  many 
problems  In  elasticity.   Several  texts  concerning  elasticity 
(9)  (1*0  (^2)  present  ample  theory  and  applications  requisite 
to  an  understanding  of  the  deformation  of  homogenous,  isotropic, 
elastic  bodies  under  applied  stresses. 

In  reality,  however,  the  materials  that  are  used  in  struc- 
tural applications  are  not  completely  homogeneous,  isotropic  or 
elastic.   Freudenthal  (15)  writes  "...the  assumptions  of  homo- 
geneity, isotropy  and  time-independent  elasticity  are  irrecon- 
cilable with  the  phenomena  of  fatigue,  time-  and  temperature- 


sensitive  cohesive  strength  and  creep  of  real  materials." 

Even  materials  that  are  apparently  elastic  reveal  Inelastic 

behavior  when  subject  to  closer  examination  (10)  (33)  (51). 

Although  the  solution  of  elastic  stress  distribution 

problems  in  isotropic  material  has  been  considered  in  great 

detail,  until  recent  time  comparatively  little  work  has  been 

done  on  similar  problems  in  anisotropic  materials.   One  reason 

why  only  limited  data  are  available  for  anisotropic  materials 

is  given  by  Hearmon  (20): 

The  solutions  in  anisotropic  elasticity  often  lead  to 
calculations  which  are  extremely  difficult  or  even  pro- 
hibitively difficult  by  hand  methods.   The  increasing 
availability  of  electronic  computers  may  enable  these 
calculations  to  be  carried  out  more  readily  in  the 
future. . . 

Many  of  the  materials  that  exist  in  nature,  however, 
exhibit  anlsotropy.   Voigt  (4-7),  Gady  (5)  and  others  (22) 
describe  the  anisotropic  behavior  of  some  classes  of  crystals. 
Barden  (1)  cites  reports  of  anlsotropy  in  geologic  formations 
such  as  shales  and  mudstones  and  some  natural  deposits  of 
clays.   Roscoe  and  Schofield  (40)  and  others  (26)  (39)  have 
promoted  concepts  of  anisotropic  behavior  in  soils  and  bitum-r 
inous  mixtures.   Orthotropic  anlsotropy  has  been  recognized 
for  several  decades  by  researchers  in  forestry.   Jayne  and 
Suddarth  (21)  state  that,  "With  but  few  exceptions  fibrous 
materials*,  whether  of  natural  origin  or  reconstituted  can  be 
classified  physically  as  orthogonally  anisotropic  or,  more 
commonly,  as  orthotropic."   More  recent  experimental  investi- 
gations (8)  (17)  (18)  (44)  have  indicated  the  validity  of 


anisotropic  material  analyses  for  wood  and  filament-reinforced 
materials . 

Michell  (29)  and  Wolf  (49)  made  early  contributions  to 
the  theory  of  anisotropic  elasticity  by  determining  deflections 
of  a  transversely  anisotropic  material  loaded  on  its  surface. 
Both  Lehknitskli  (25)  and  Hearmon  (20)  present  solutions  to 
broad  classes  of  problems  in  the  theory  of  anisotropic  elasti- 
city. 

Elliott  (11)  presents  solutions  of  problems  in  three 
dimensions  that  can  be  found  in  terms  of  two  harmonic  functions, 
He  gives  expressions  for  displacements  and  stresses  in  elastic 
crystals  in  terms  of  harmonic  functions  and  elastic  moduli. 
Elliott  represents  stress  distributions  in  various  metals  in 
a  radius  vector  plot  where  the  length  of  the  vector  is  propor- 
tional to  the  magnitude  of  stress. 

A  summary  of  three-dimensional  stress  distributions  for 
various  loadings  on  a  homogeneous  anisotropic  elastic  half- 
space  Is  presented  in  Mededellngen  (28).   The  effect  of  various 
values  of  Poisson's  ratios  on  the  stress  distribution  is  shown. 

Considerations  of  material  dependence  on  time  and  temper- 
ature are  well  documented  In  the  literature  of  vlscoelastic 
analysis  (3)  (10).   Schapery  (41),  Williams  (48),  Perloff  and 
Moavenzadeh  (36)  and  others  present  viscoelasticity  solutions 
for  time-dependent  stress  distributions. 

Although  time-  and  temperature-dependent  behavior  of 
materials  is  discussed  within  the  framework  of  a  vlscoelastic 
analysis,  the  correspondence  principle  requires  that  the 


corresponding  elasticity  problem  be  amenable  to  analysis  be- 
fore the  viscoelastic  or  time-dependent  solution  assumes  a 
time-dependent  form.   Inversion  of  the  transform  is  not  always 
easy  or  even  possible;  however,  Schapery  (^1)  has  presented 
methods  of  inversion  that  permit  approximate  solutions  to  be 
obtained  for  many  problems. 

While  current  literature  contains  few  references  to  the 
use  of  the  general  theory  of  elasticity  in  time-  and  tempera- 
ture-dependent problems,  some  researchers  (16)  (;+5)  have  re- 
ported marked  variations  in  the  elastic  constants  for  isotropic 
materials  when  time  and  temperature  conditions  are  changed 
during  testing.   Everett  and  Miklowitz  (13)  present  data  that 
show  changes  in  Young's  modulus  and  Poisson's  ratio  for  metals 
tested  to  1500°F. 

Van  der  Poel  (3?)  records  the  time-dependent  stiffnesses 
of  bituminous  mixtures.   Polakowski  and  Ripling  (3?)  recognize 
the  time  and  temperature  dependence  of  materials  and  present 
graphical  data  for  stress-strain-time  relationships  for  high 
impact  polystyrene  at  room  temperature  and  125°i7, 

Classical  derivations  of  the  elastic  constants  by  Love 
(27)  and  Filonenko-Borodich  (1^)  have  utilized  the  strain- 
energy  function  to  establish  relationships  among  the  constants. 
Derivations  of  elastic  constants  which  utilize  the  strain- 
energy  function  involve  assumptions  that  the  work  of  deforma- 
tion is  conserved  when  deforming  forces  are  removed.   This 
precludes  the  use  of  these  elasticity  coefficients  in  describing 
the  behavior  of  nonconservative  material.   Bolotin  (4)  states 


that  internal  strain  energy  is  not  a  state  function  for 
inelastic  materials. 

To  avoid  application  of  a  theory  based  on  strain-energy 
concepts  to  the  behavior  of  nonconservative  materials  requires 
the  derivation  of  coefficients  as  presented  in  the  next  section 
-  development  of  theory.   The  coefficient  matrix  described  in 
the  next  section  is  not  identical  with  that  obtained  by  Love 
(27)  and  others  (5)  (^7)  for  transversely  anisotropic  material 
because  it  is  not  symmetric  and  the  elements  of  the  matrix  may 
assume  forms  that,  in  contradistinction  to  the  approach  utiliz- 
ing strain-energy  concepts,  permit  accumulation  of  permanent 
deformation. 

Specific  Research 

The  second  portion  of  the  review  of  literature  presents 
a  resume'  of  some  specific  developments  in  bituminous  mixture 
evaluation.   Emphasis  is  placed  on  those  tests  in  which  evalu- 
ation of  material  behavior  is  made  with  recognition  of  temporal 
and  thermal  dependence. 

The  purposes  for  which  materials  are  tested  are  given  by 
Nijboer  (34)  as  follows: 

1.  To  recognize  the  material 

2.  To  control  its  manufacture 

3.  To  determine  the  properties  which  are  decisive  for 
its  application 

Present  design  methods  and  associated  tests  (30)  do  not 
consider  material  response  over  a  range  of  loading  times  and 
temperatures  and  hence  no  quantitative  descriptive  parameter 
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is  provided  by  these  design  methods.   Although  the  test  results 
may  be  independent  of  the  boundary  conditions,  no  measure  of 
this  independence  is  assessed. 

Lee  and  Warwick  (2*0  showed  that  a  bituminous  mixture 
deforms  at  different  rates.   The  intial,  secondary  and  tertiary 
portions  of  the  strain  vs.  time  curve  for  a  particular  mixture 
might  be  used  as  descriptive  parameters  for  the  mixture.   This 
hypothesis  was  substantiated  by  the  results  of  several  differ- 
ent types  of  tests  on  bituminous  mixtures.   Because  tests  with 
different  boundary  conditions  yielded  similar  strain  vs.  time 
relationships,  the  authors  inferred  that  the  deformation  vs. 
time  relationship  was  a  unique  parameter  of  the  mixture. 

Van  der  Poel  (37)  noted  that  at  lot*  temperatures  and 
short  times  of  loading  the  stiffnesses  of  the  bituminous  mater- 
ials he  tested  were  asymptotic  to  approximately  the  same  value. 
He  stated: 

Under  these  conditions  the  material  is  purely  elastic 

in  the  sense  of  classical  mechanics  and  consequently 

the  stiffness  can  be  termed  Young's  modulus  in  this 
case. 

For  a  limited  range,  Wood  and  Goetz  (50)  found  that  a 
linear  relationship  existed  between  log-permanent  deformation 
and  log-number  of  load  repetitions.   Other  researchers  (31) 
have  verified  a  linear  log-strain  vs.  log-time  relationship 
for  bituminous  mixtures.   It  is  possible  that  the  slopes  of 
these  lines  reflect  the  response  of  the  mixture  to  different 
loads;  however,  invariance  of  the  response  to  boundary  condi- 
tions was  not  evaluated. 
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Lai  (23)  found  that  for  several  different  temperatures 
and  loads,  deformation  vs.  time  relationships  were  linear  on 
log-log  plots.   By  utilizing  several  different  tests,  he 
determined  invariant  properties  of  a  sheet  asphalt  mixture. 
The  invariant  functions  found  by  Lai  describe  stresses  as 
functions  of  time,  temperature,  strain  and  strain  rate.   The 
invariance  of  the  resulting  expressions  was  determined  to  be 
valid  for  strains  up  to  0.^  percent. 

Monlsmith  (31)  presented  creep  data  obtained  from  both 
tension  and  compression  tests  at  40°P.   The  strains  obtained 
from  the  two  types  of  tests  were  similar  for  a  loading  time 
of  five  minutes.   Invariance  of  strain  was  noted  for  axial 
stresses  up  to  77  psi  and  axial  strains  of  approximately 
0.1  percent. 

Other  researchers  (35)  have  used  the  complex  modulus  to 
characterize  bituminous  mixtures,  but  tests  with  different 
boundary  conditions  were  not  considered. 

This  brief  review  of  literature  indicates  that  the  response 
of  bituminous  mixtures  has  been  widely  investigated  in  the 
laboratory  and  several  parameters  have  been  established  which 
might  be  used  to  characterize  mixture  behavior.   Only  a  few 
researchers  have  established  invariant  properties  of  bituminous 
mixtures  that  could  be  utilized  for  the  prediction  of  perform- 
ance.  It  appears,  however,  that  experimental  and  theoretical 
justification  exists  for  investigating  bituminous  mixture  be- 
havior for  the  purpose  of  establishing  invariant  parameters 
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that  may  be  used  to  predict  mixture  performance.   The  mathe- 
matical theory  of  contluum  mechanics  appears  to  be  a  sufficiently 
general  framework  within  which  experimental  investigations  can 
be  made. 
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DEVELOPMENT  OP  THEORY 

The  development  of  theory  concerns  three  specific  areas. 
The  presentation  in  this  section  includes  general  assumptions, 
material  coefficients  for  transverse  anisotropy  and  evaluation 
of  material  coefficients. 

General  Assumptions 
The  theory  underlying  the  experimental  work  is  based  on 
the  assumption  that  a  bituminous  mixture  will  behave  as  a 
mechanically  deterministic  system.   In  this  particular  case, 
a  determinable  relationship  between  strains  and  imposed 
stresses  is  sought.   Figure  1  shows  schematically  the  relation- 
ship that  is  hypothesized. 

The  transfer  functions  or  operators  that  are  sought  are 
the  CjWt.T,  0\.,...)  that  allow  determination  of  the  output 
if  the  input  conditions  are  known.   This  is  of  particular 
interest  at  the  present  time  since  recent  research  projects 
have  been  concerned  with  description  of  pavement  behavior  as 
well  as  boundary  loading  conditions. 

The  mechanical  response  to  be  measured  is  deformation. 
The  expression  of  small  deformations  in  differential  form 
enables  one  to  note  the  range  and  variety  of  variables  that 
might  be  studied  by  this  type  of  Investigation.   Hence: 
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The  three  dots  indicate  a  continuation  of  the  terms  in  the 
total  differential  and  may  include  consideration  of  terms 
such  as  dependence  of  the  deformation  of  the  mixture  upon 
moisture,  steric  hardening,  cycle  of  loads  and  other  factors. 
In  this  study,  deformation  was  related  specifically  to  stress 
magnitude,  time  and  temperature.   It  is  recognized  that 
truncation  of  the  series  that  describes  the  differential 
deformation  would  introduce  some  error  into  the  validity  of 
applying  the  relations  obtained  in  the  laboratory  to  field 
problems.   The  discrepancies  are  admitted  and  further  studies 
will  be  needed  to  evaluate  them  quantitatively.   As  far  as 
possible,  other  factors  that  might  influence  deformation  were 
kept  constant.   Hence,  the  interval  between  cycles,  specimen 
size  and  other  factors  were  kept  uniform  throughout  testing 
in  order  to  obtain  as  closely  as  possible  the  relationship: 

Other  limitations  that  should  be  recognized  are  the 
assumptions  that  the  typical  element  is  statistically  homo- 
geneous and  transversiy  anisotropic.   The  typical  element 
that  is  considered  in  the  course  of  testing  has  finite  dimen- 
sions although  it  is  assumed  that  infinitesimal  differential 
theories  of  material  will  hold  for  this  element  as  well, as 
for  a  body  composed  of  many  identical  elements. 

Sokolnikoff  (42)  and  Love  (2?)  present  derivations  of  the 

material  coefficients  that  describe  deformation  of  elastic, 

anisotropic  materials.   In  these  derivations  a  strain-energy 
♦Effect  of  other  factors  =  constant. 
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function  Is  assumed  to  exist  and  hence  the  reversibility  of 
material  behavior  is  assumed.   DeGroot  (19)  and  others  have 
developed  a  symmetric  matrix  of  material  coefficients  by 
utilizing  the  theory  of  thermodynamics  of  irreversible  processes, 
but  this  was  done  with  the  assumption  that  the  material  being 
described  possessed  microscopic  reversibility  and  obeyed 
linear  phenomenologlcal  laurs . 

Because  bituminous  mixtures  are  generally  recognized  as 
nonlinear  (23)  in  their  stress-deformation  behavior  and  be- 
cause strain  energy  is  not  conserved,   a  new  derivation  of 
material  coefficients  for  a  statistically  homogeneous,  trans- 
versely anisotropic,  nonconservative  material  is  presented  here. 
Material  Coefficients  for  Transverse  Anisotropy 

For  a  transversely  anisotropic  material,  a  rotation 
transformation  about  one  axis  of  the  material  element  estab- 
lishes congruence  between  the  edges  and  facer  of  the  element 
in  its  initial  and  final  positions.   The  matrix  of  material 
coefficients  for  a  transversely  anisotropic, statistically  homo- 
geneous, nonconservative  material  is  obtained  by  methods  con- 
sidered here. 

Although  several  authors  (V?)  (5)  (20)  present  matrices 
of  material  coefficients  which  describe  various  types  of 
elastic  symmetry,  these  matrices  are  symmetric  by  virtue  of 
identities  established  with  the  aid  of  strain-energy  functions. 

The  derivation  of  material  coefficients  given  here  is 
made  without  use  of  a  strain-energy  function.   From  this  deri- 
vation it  is  possible  to  obtain  coefficients  that  describe  the 
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behavior  of  materials  in  which  internal  strain-energy  is  not 
conserved.   In  addition  to  this,  coefficients  presented  here 
differ  from  those  used  in  transversely  anisotropic  elastic 
materials  in  that  the  number  of  independent  coefficients  is 
six  for  the  nonsymmetric  case  vs.  five  for  the  symmetric  case. 

A  typical  element  of  material  is  located  at  the  origin 
of  the  x^,  X2,  x-3  coordinate  system  shox-m  in  Figure  2.   If 
the  material  is  transversely  anisotropic,  then  its  deformation 
response  to  stress  will  be  the  same  everywhere  in  the  x^2 
plane,  but  dissimilar  in  the  x^x-,  and  XoXo  planes.   Consequently, 
the  material  properties  of  the  typical  element  should  be  in- 
variant with  respect  to  arbitrary  rotations  about  the  x^  axis 
in  the  x^xg  plane. 

For  small  strains,  Cauchy's  generalized  statement  of 
Hooke's  law  (see  Appendix  E)  may  be  written: 


€1 

Cs 

^3- 

,^ 

*k 

*5 

«6 

cll  C12  C13  cl4  G15  cl6 

C21  G22  C23  C24  C25  C26 

J31  C32  Cjj   C^  C^  C35 

ckl   c42  c^3  c44  ci+5  ck6 

:5l  °52  c53  c5^  c55  °56 

C61  c62  c63  C6VC65  c66 


<r2 

<r3 


v4 


where  <T^  and   €,  are  related  to  the  stresses  and  strains, 
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FIGURE    2.      TYPICAL   ELEMENT   AND 
COORDINATE    SYSTEM 
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CT^s    and  f^,  as  shown  in  Appendix  A. 

If  the  typical  element  is  subjected  to  stresses  and 
strains  <Tji  and  £±j  in  the  original  coordinate  system,  the 
stresses  and  strains,  CTji  and  £^j  for  a  rotated  element  may 
be  described  by  use  of  equations  of  rotation  transformation: 

°lj  =  aikajl  ^kl 
Jij   =  aikajl  i*kl 
or,  equivalent ly, 

S '     =   AS  AT 
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=   AEAJ 
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and  AT  is  the  transposed  direction  cosine  matrix. 

For  an  arbitrary  rotation,  CX ,  in  the  x-^2  plane  the 
direction  cosine  matrix  will  be  of  the  form: 
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Rotated 
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or 


A   = 


co?  (X   -Find 
sin<x    cos  ex 

0       0        1 


To  calculate  the  valuer  of  the  coefficient?-  and  to  relate 
the  original  and  rotated  coordinate  systems  necessitates  the 
determination  of  the  following  relations: 

From  these  relations  it  Is  possible  to  make  identifications 
between  invariant  functions  involving  strains  in  the  original 
coordinate  system. 

As  an  example  of  how  coefficients   may  be  evaluated, 
consider  the  rotation  transformations  that  reduce  the  coef- 
ficient matrix  of  equation  (1)  to  that  matrix  which  character- 
izes the  transverse  anisotropy  hypothesized  for  compacted 
bituminous  mixtures.   Because  the  operations  are  lengthy  in 
their  detail,  only  a  summary  of  the  equivalence  transformations 
and  their  associated  matrix  elements  are  shown. 

A  180°  rotation  about  the  xj   axis  yields: 
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A  60°  rotation  about  the  Xo  axis  will  result  in  the 
following  matrix: 
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From  a  120°  rotation  about  the  x-,  axis  one  obtains: 
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Further  rotations  of  90°,  2^-0°  and  300°  about  the  X3  axi: 
yield  no  new  relations.   A  180°  rotation  about  the  x-^   axis 
reduces  the  matrix  in  (4)  to  that  shown  in  (5): 
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This  matrix  of  coefficients  differs  from  that  given  by 
Love  (27)  and  Hearmon  (20)  for  transversely  anisotropic 
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elastic  crystals.   It  will  be  noted  that  the  matrix  is  not 
symmetric,  hence,  six,  rather  than  five,  independent  coef- 
ficients are  needed  to  describe  material  behavior.   Because  the 
derivation  presented  here  did  not  involve  a  strain-energy 
equation,  the  elements  of  the  matrix  may  be  used  to  character- 
ize the  deformation-stress  response  of  inelastic  materials 
for  which  a  strain-energy  function  is  not  well  defined. 

The  coefficients  may  be  functions  of  time,  temperature, 
or  other  Inputs;  however,  to  conserve  space,  the  coefficients 
are  written  with  a  single  symbol  although  the  functional  de- 
pendence of  the  coefficients  is  understood.   Consequently, 
the  following  equivalence  is  to  be  observed: 

Cji(t,  T ,  C  ,  .  .  .  )  =  Cj_j 

Although  the  matrix  (5)  relates  strains  to  known  stresses, 
the  inverse  problem,  i.e.  the  relation  of  stresses  to  known 
strains,  is  also  amenable  to  solution,  hence: 
E   =   CS 

(T1  S   =   C_1CS 

C"1  E  =  S  - 

The  inverse  of  matrix  (5),  C   ,  contains  coefficients  which 
enable  stresses  to  be  predicted  if  input  strains  are  known. 
Evaluation  of  Material  Coefficients 

The  stress-strain  relationships  of  equation  (1)  when  the 
coefficient  matrix  (5)  is  used  now  become: 

6i  =    cn    ^i    +  c12  cr2  +  c13  05 

€2  =     C12     01     +  cn   05  +  G13  °3 

63   =      C31      ©"J      +  C31   02   +  C33  Oj  (6) 
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£4  =  c^  °h 

€5  =  C44  O^  (6,  cont. ) 

€6  =  2(C11-C12)  O5 

These  stress-strain  constitutive  relations  have  been  derived 

on  the  "basis  of  thiee  assumptions ,  namely  transverse  anisotropy, 

small  strains  and  the  statistical  homogeneity  of  the  material. 

It  will  now  be  demonstrated  that  the  determination  of 

the  coefficients,  C^_*,    can  be  made  from  uniaxial  tests  in 

tension  and/or  compression  and  direct  shear  tests.   Consider 

uniaxial  compression  tests  when  either  (Xj  or  C%   acts.   When 

(J\   acts  alone  it  is  found  from  (6)  that 
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When  either  <T^  or  C5V  acts  the  following  relations  are  found 
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When  matrix  (5)  is  rewritten  using  Poisson's  ratio  and 
the  moduli  defined  in  Appendix  A,  matrix  (7)  result?: 
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It  can  be  noted  from  the  preceding  development  that  the 
material  coefficients  can  be  evaluated  from  tests  in  which 
linear  dimension  changes  are  measured  directly.   It  is  also 
possible  to  demonstrate  the  evaluation  of  some  material 
coefficients  from  uniaxial  compression  tests  in  a  triaxial 
cylinder  in  which  volume  change  measurements  can  be  made. 
The  coefficients  Cp^t  C^  and  C13  can  be  evaluated  in  this 
manner.   Consider  a  uniaxial  test  in  which  only  ff~   acts. 
Prom  the  first  invariant  of  strain  when  small  strains  prevail 


€1  +  £2  +  €3  =  av  =  a^   (2c13  +  c33) 

or  noting  that 
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For  an  incompressible  material  this  expression  reduces  to 
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=  -jL.   If  only  ^r  acts  then 
2  x 

-41  -  Oi  (cu  +  c12  +  c31) 


25 
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=  1  +/21  +/l3l 


or 


.AX  -  1  = 

70J 


/21  +/31 


For  an  anisotropic  material  it  should  be  noted  that  M21 
and  M-r>i   are  not  necessarily  equal  when  there  is  no  volume 
change.   As  in  the  previous  relations,  when  the  material  is 
isotropic  and  incompressible  this  relation  reduces  to 

/21  ■  /*31  -  - 1  ■ 

Because  only  the  sum   of  >U2i  and  U31  can  be  determined 
from  a  test  in  a  triaxial  cylinder,  an  additional  defining 
relation  is  necessary  to  find  the  magnitudes  of  J^pl  an^  /*3l 
separately.   It  is  possible  to  obtain  the  value  of  M21  from 
the  sixth  relationship  in  (6^.   This  is  accomplished  in  the 
following  manner: 

From  the  last  equation  of  (6)  we  note 

€6  =  C66  °6   -2(CU  -  c12)  <T6 
or 

1€12   =    (!_..-    /i2i)  C7J2 


*-" 

El 

Ex 

Henc 

e, 

€12     E 

2  0^2 

i          =1-5 

/*21 

/21   - 

"El        + 
~G12 

1 

or 


For  an  Isotropic  incompressible  material,  G  =  E/3  and 
hence 
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/21  =1-12=  1-1   ="1 
'        2E     2     2 

It  should  be  noted  here  that  _j)  might  be  used  as  a 

E 1 
measure  of  the  anisotropy  of  the  material.   In  this  ratio 

only  the  two  moduli  are  represented  and  because  no  transverse 

strains  need  be  measured  these  moduli  could  be  determined 

reliably. 

A  summary  of  the  stress-strain  consitutive  relations 

obtained  from  the  assumptions  and  results  of  this  section  is 

given  by  the  following: 

ci  =  i_  _  +  Hzi  o?.  +  £11^3 


^2    =At21      ^1      +     _^2      +       /*13  ^3 

El~  El  "E~3 

Si  Ex  E3 


^4  =  1  ^ 


£5  =  1  ^5 
'       G4 

£6   =2.   (1  -U21) 

^1         ' 


^6 
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EXPERIMENTAL  INVESTIGATION  OF  THEORY 

The  tests  described  in  detail  in  this  section  were  per- 
formed to  investigate  the  theory  of  material  behavior  intro- 
duced in  the  preceding  section.   Four  tests  are  described: 
they  include  uniaxial  compression,  direct  shear,  uniaxial 
compression  with  volume  change  measurements  and  torsion  tests. 

The  testing  procedures  were  selected  as  ones  that  could 
be  used  to  evaluate  mixtures  that  are  compacted  in  the  labor- 
atory as  well  as  those  that  are  obtained  from  pavements  in 
service.   Although  the  results  presented  were  obtained  from 
laboratory-compacted  specimens,  similar  compression,  shear 
and  torsion  specimens  could  be  obtained  from  highway  pavements. 
Mixture  constituents,  compaction  and  cutting  procedures  and 
dimensions  of  the  specimens  tested  are  described  in  Appendix 
B. 

In  an  attempt  to  simulate  loading  conditions  that  are 
among  the  most  severe  encountered  in  service,  the  loads  applied 
to  test  specimens  were  static  loads  applied  for  a  period  of 
30  seconds.   It  was  thought  that  this  would  be  representative 
of  the  duration  of  load  that  might  be  expected  at  signalized 
intersections  where  rutting  and  shoving  sometimes  occur. 

Static  loads  imposed  on  test  specimens  were  of  magnitudes 
representative  of  those  that  would  be  encountered  in  pavements 
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loaded  by  tires  of  highway  vehicles.   In  all  tests  except  the 
uniaxial  compression  test  with  volume  change  measurements, 
stresses  were  23.1,  ^4-0.8  and  58.3  psi,  in  that  order.   Testing 
was  undertaken  at  temperatures  of  70,  80  and  90°  F,  in  that 
order,  for  the  compression,  direct  shear  and  torsion  tests. 
The  test  temperature  for  the  uniaxial  compression  test  with 
volume  change  measurement  was  95°^ • 

To  avoid  discrepancies  that  might  be  introduced  by  using 
varying  cycle  times,  each  specimen  was  loaded  for  30  seconds 
and  then  the  specimen  was  allowed  to  relax  for  l^f  minutes 
prior  to  the  next  load  application.   This  procedure  was  re- 
peated for  each  specimen  at  three  different  temperatures  and 
for  three  different  loads.   The  minimum  length  of  time  between 
different  test  temperatures  was  four  hours. 

Uniaxial  Compression  Test 

Compression  specimens  1  x  1  x  2.05  inches  were  bonded 
to  the  specimen  holder  shown  in  Figure  3  with  Eastman  910  ad- 
hesive.  The  specimen  holders  were  bolted  to  the  concrete  and 
steel  test  stand  and  a  2.5  kg.  seating  load  was  placed^ on  the 
specimen  prior  to  compression  loading.   Specimens  with  their 
long  axis  coincident  with  both  the  x1  and  the  x,  directions 
were  tested  in  this  manner.   From  tests  of  this  type  the  co- 
efficients C^,  C12.  c3i»  c33  and  G13  were  determined. 

Cantilever  beam  type  displacement  transducers  placed 
against  the  four  sides  of  the  specimen  as  well  as  on  top  of 
the  specimen  were  used  to  measure  the  deformation  of  the 
specimen.   The  transducers  and  a  schematic  diagram  of  the 


FIGURE    3. 


UNIAXIAL     COMPRESSION 
SPECIMEN     WITH    TRANSDUCERS 
AND     HOLDERS 
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circiutry  involved  are  shown  in  Appendix  C.  A  tycical  data 
channel  from  the  recorder  and  a  data  sheet  used  in  reducing 
the  graphic  data  are  shown  in  Figure  4  and  Table  1,  respectively, 

Cutting  and  polishing  of  specimens  prior  to  testing  was 
accomplished  as  described  in  Appendix  B. 

Direct  Shear  Test 

Direct  shear  test  specimens  were  tested  by  applying  a 
stress,  0"i3»  to  a  specimen  cut  from  a  beam  of  bituminous 
mixture.   As  for  the  uniaxial  compression  te.^t  specimens,  the 
direct  shear  test  specimens  were  secured  to  their  holders  by 
means  of  either  Fastraan  910  adhesive  or  the  formulation  of 
epoxy  resins  described  in  Appendix  B. 

Shear  specimen  deformation  was  measured  by  either  one 
or  two  displacement  tranrducers.   Picture-  of  the  shear 
specimen  and  holder  are  shown  in  Figures  5  a^d  6. 

Prior  to  testing,  the  shear  specimen  holder  was  bolted 
to  the  concrete  and  steel  te^t  stand.   Loads  were  applied  to 
test  specimens  through  a  wire  and  pulley  loading  system.  A 
shear  specimen  ready  for  testing  is  shown  in  Figure  6.  Typical 
graphical  and  numerical  data  are  shown  in  Figure  '+  and  Table 
2,  respectively.   The  direct  shear  test  was* used  to  evaluate 
the  coefficient  C^. 

Uniaxial  Compression  with  Volume  Change  Measurements 
Specimens  of  the  same  ^ize  as  those  used  in  the  uniaxial 
compression  test  were  used  in  the  compression  testing  with 
volume  change  measurement.   Each  specimen  was  coated  with  a 
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TABLE  1 
Typical  Data  Sheet  for  Uniaxial  Compression  Test 


Specimen  N3 
70°F,  23.1  psl 


Pen  Displacement 

(mm) 

Time 

Gage 

Gage 

Ga^e       Gap^e 

Gage 

(sec ) 

(1) 

(2), 

(3)        (5) 

(6) 

5 

1.5 

4.0 

-0. 

.5        3-5 

-1.0 

10 

2.5 

5.5 

-1, 

.0       4.5 

-1.5 

15 

3.5 

6.0 

-1. 

.5        4.0 

-1.5 

20 

4.5 

6.5 

-1, 

.5        4.0 

-1.5 

25 

5.0 

7.0 

-1 

.5        4.0 

-1.5 

30 

5.5 

7.5 

-2 

.0        4.0 

-1.5 

Lone;.    Deformation 

Transverse  Deformation? 

(0.0001 

in) 

(0.0001  in) 

Time 

(sec) 

x  A?6 

*        x  , 

,189* 
.76 

x  .213*   x  , 
-0.11     0, 

,228* 
.80 

x  .466* 

5 

0.?2 

0, 

-0.47 

10 

1.19 

1 

,0*1- 

-0.21     0. 

.91 

-0.70 

15 

I.67 

1 

.13 

-0.32    0. 

.91 

-0.70 

20 

2.15 

1 

.23 

-0.32    0 

.91 

-0.70 

25 

2.38 

1 

.32 

-0.32    0. 

.91 

-0.70 

30 

2.62 

1 
'trains  (0.< 

.42 
3001  i 

-0.42     0 
n/in) 

.91 

-0.70 

Time 

€3=i(D 

€t=(2)+(3) 

€f 

=(5)+(6)    H*(i 

t)  = 

23, 

,  1  psi 

(sec) 

2 

€ 

62, 

3 

5 

0.3? 

0.65 

0.33 

.4 

10 

0.60 

0.83 

0.21 

38, 

.5 

15 

0.84 

0.81 

0.21 

27, 

.5 

20 

1.07 

0.91 

0.21 

21, 

.0 

25 

1.19 

1.00 

0.21 

19 

.4 

30 

1.31 

1.00 

0.21 

17, 

.6 

*Deformation  Conversion  Factors 
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TABLE  2 
Typical  Data  Sheet  for  Shear  Test 


Specimen  Si 
?0°F,  23.1  psi 

Pen  Displacement  (mm) 


Time 
(sec) 

Gac^e 
(1) 

5 

3.5 

10 

4.0 

15 

4.5 

20 

5.0 

25 

5-5 

30 

6.0 

Deformation 
Time 
(sec) 

(0 

.0001   inches) 
Ga^e  x   1. 19* 
(1) 

5 

4.1? 

10 

4.76 

15 

5.35 

20 

5.95 

25 

6.55 

30 

7.14 

Strains  (0.0001  in/in) 

Time  610 

(sec) 


5 

10 

15 

20 
25 
30 


Git)    =  23.1  psi  x 


-4 


*-J 

€(3 

8.34 

2.77 

9.52 

2.4? 

10.70 

2.16 

11.90 

1.94 

13.10 

1.76 

14.28 

1.62 

^Deformation  Conversion  Factor 


FIGURE     5.       DIRECT  SHEAR  SPECIMEN 
AND    SPECIMEN   HOLDER 


FIGURE    6.       SHEAR  SPECIMEN    AND  HOLDER 
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latex  waterproofing  compound  and  tested  in  uniaxial  compress- 
ion in  a  water-  and  oil-filled  triaxial  cell.   The  triaxial 
cell  was  equipped  with  a  pipet  that  permitted  the  determin- 
ation of  volume  changes  as  small  as  0.001  ml.   Axial  strains 
were  detected  by  a  spring-loaded  linear  variable  differential 
transformer  and  recorded  on  an  electronic  recorder.   A  photo- 
graph of  the  testing  apparatus  and  a  typical  graphical  data 
sheet  are  shown  in  Figure  7- 

Because  volume  changes  were  so  small,  the  conditions  of 
loading  in  this  test  were  different  from  those  described  in 
previous  paragraphs.   A  seating  load  of  8.8  psi  was  applied 
for  one  minute  prior  to  the  beginning  of  each  test.   After 
one  minute  the  height  of  water  in  the  pipet  was  recorded  and 
an  additional  52.8  psi  was  placed  on  the  sample.   The  height 
of  water  in  the  pipet  was  noted  and  axial  strains  were  recorded 
every  five  minutes  for  one  hour.   At  the  end  of  one  hour  the 
test  was  terminated. 

Torsion  Test 
To  determine  the  shear  moduli  and  the  coefficient  C^ 
obtained  from  the  direct  shear  test,  torsion  tests  were  per- 
formed on  a  right  circular  cylinder  cut  from  the  beam  of 
compacted  bituminous  material.   The  circular  section  was  chosen 
to  avoid  warping  of  the  cross-section  that  would  be  expected 
from  the  theory  of  torsion  of  noncircular  prismatic  shapes. 
The  torsion  test  was  chosed  to  verify  the  invariance  of  the 
coefficients  found  from  the  direct  shear  test.   If  the 


FIGURE     7. 


TRIAXIAL    CELL 
AND    RECORDER 


WITH     PIPET 
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coefficient?  found  from  the  direct  shear  test  are  properties 
of  the  mixture  they  should  be  independent  of  the  test  used 
to  define  them.   The  torsion  specimen  holders,  test  apparatus 
and  a  typical  graphical  data  sheet  are  shown  in  Figures  8, 
9  and  4,  respectively. 

Loading  conditions  and  temperatures  during  testing  were 
the  same  for  the  torsion  test  as  for  the  uniaxial  compression 
and  direct  shear  tests. 

The  stress  equation  used  in  the  torsion  test  was: 
G\-\   =  Tr/J   where 
T  is  the  applied  torsional  moment,  r  is  the  radius  of  the 
test  cylinder  and  J  is  the  polar  moment  of  the  cross-section. 
Hence:  C^  =  1/Gi3  =  J  ^IJ^T • 


FIGURE    8.      TORSION     SPECIMEN     HOLDERS 


FIGURE       9.      TORSION     SPECIMEN     AND 

DISPLACEMENT    TRANSDUCER 
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RESULTS  OF  TESTS  AND  DISCUSSION 

The  results  of  laboratory  tests  are  presented  here 
together  with  comments  on  trends  and  relationships  indicated 
by  the  data.   The  presentation  of  data  is  organized  in  the 
follov/ing  sequence: 

1.  Uniaxial  Compression  Test  Results 

a.  Stiffness  Moduli 

b.  Foisson's  Ratios 

2.  Uniaxial  Compression  Test  Results  with  Volume  Change 
Measurements 

3.  Direct  Shear  Test  Results 

k.    Comparison  of  Shear  and  Torsion  Test  Results 

Uniaxial  Compression  Test  Results 
Results  discussed  in  this  section  were  obtained  from 
data  taken  during  uniaxial  compression  testing.   Values  of 
the  stiffness  moduli  and  Poisson's  ratios  presented  were 
obtained  from  linear  deformations. 

Stiffness  Moduli,  E1  and  S3 
Tabular  data  from  uniaxial  compression  tests  are  shown 
in  Appendix  D.   Plots  of  these  data  for  specimens  obtained 
from  the  same  compacted  beam  are  shown  in  the  upper  portion 
of  Figure  10.   Data  indicate  that  the  stiffness  moduli,  Ej_ 
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and  Eo,  are  linear  on  a  log-modulus  vs.  log-time  plot.   Data 
are  presented  for  uniaxial  tests  along  both  the  x^  and  Xo 
axes  and  for  test  temperatures  of  70,  80  and  90°P. 

The  numbers  associated  with  each  curve  in  Figure  10  are 
least  square  slopes  computed  on  an  electronic  computer.   In 
all  cases,  the  slopes  of  the  lines  are  negative  and  hence 
mixture  stiffness,  as  defined  by  E^  and  Eo,  decreases  with 
time.   The  trend  of  behavior  indicates  that  the  moduli  deter- 
mined from  compression  tests  decrease  with  increases  in  temp- 
erature. 

It  will  be  noted  that  data  are  recorded  only  for  the  time 
range  of  from  five  seconds  to  thirty  seconds.   Although  it 
was  anticipated  that  data  for  time  values  of  less  than  five 
seconds  might  yield  relations  similar  to  those  nhown,  exper- 
imental error  was  considered  excessive  for  loading  times  less 
than  five  seconds.   Error  was  introduced,  In  part,  by  deviations 
in  placing  "he  load  on  the  specimen  and  uncertainty  in  inter- 
preting from  the  graphic  data  where  the  initial  time,  t  =  0, 
was  located.   Initial  seating  of  the  load  and  inertia  effects 
at  small  valuer  of  time  would  also  add  to  erroneous  determin- 
ation of  stiffness  for  small  strains.   Figure  11  shows  a  plot 
of  log-shear  strain  vs.  log-time  which  indicates  that  extra- 
polation to  smaller  values  of  time  might  be  realistic;  however, 
throughout  the  remainder  of  this  section,  records  of  the  moduli 
are  presented  only  for  time  values  greater  than  or  equal  to 
five  seconds. 
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Initially,  data  were  to  be  collected  for  the  evaluation 
of  stiffness  moduli  by  means  of  uniaxial  tension  tests. 
Difficulty  in  obtaining  consistent  results,  particularly 
transverse  strain  measurements,  motivated  the  use  of  compress- 
ion tests  for  determination  of  stiffnesses.   It  was  hypothes- 
ized that  the  non-rigid  nature  of  the  tension  test  loading 
apparatus  and  the  nonhomogeneous  strength  characteristics  of 
the  bituminous  mixture  caused  excessive  stresses  and  strains 
that  resulted  in  bending  of  the  specimen  and  hence  an  indica- 
tion of  strain  that  was  erratic. 

Although  plots  of  the  log-modulus  vs.  log-time  appeared 
linear,  several  coefficients  of  linear  correlation  were  comput- 
ed to  obtain  a  measure  of  how  well  the  data  could  be  approxi- 
mated by  a  straight  line.   All  the  linear  correlation  coeffic- 
ients were  greater  than  0.95  and  most  were  very  close  to  1.0. 
In  Table  3  are  typical  computations  for  the  determination  of 
this  coefficient.   Linearity  on  a  log-log  plot,  based  on  the 
magnitude  of  the  correlation  coefficients,  assists  description 
of  material  behavior. 

A  measure  of  the  anisotropy  of  the  mixture  tested  is 
given  by  the  ratio  E^/E-j^.   Figure  12  shows  plots  of  this  ratio 
obtained  from  data  of  Figure  10.   It  should  be  noted  from  this 
figure  that  for  the  highest  stress  level  and  for  all  three 
test  temperatures  used  in  this  study,  anisotropy  is  essentially 
constant  over  the  time  range  considered.   The  data  indicate 
that  assumptions  of  isotropy  for  laboratory-compacted  mixtures 
may  be  seriously  questioned.   The  same  behavior  may  be  present 
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in  field-compacted  mixtures.   In  all  cases  shown  in  Figure 
12  the  value  of  E^  is  greater  than  Ei  and  the  ratio  EW^1 
for  all  data  of  Figure  10  has  the  approximate  range  1.8  to  1.1. 
From  this  it  can  be  noted  that  the  mixture  is  stiffer  in  the 
direction  of  applied  compactive  forces  than  it  is  in 
orthogonal  directions. 

Poisson's  Ratios 

Because  Poisson's  ration  were  necessary  for  the  determin- 
ation of  some  material  coefficients,  plots  of  transverse 
strain  vs.  longitudinal  strain  were  made  from  data  obtained 
from  uniaxial  compression  tests.   Poisson's  ratio  is  defined 
as  (transverse  strain)/ (longitudinal  strain). 

Several  coefficients  of  linear  correlation  were  computed 
to  obtain  a  measure  of  the  linearity  of  Poisson's  ratios  for 
the  loading  conditions  utilized  in  this  research.   A  sample 
calculation  is  shown  in  Table  4.   Representative  plots  of 
transverse  strain.  £t,  vs.  longitudinal  strain,  £-,,  are  shown 
in  Figure  13.   The  slopes  of  the  lines  shown  in  this  figure  are 
Poisson's  ratios  and  may  be  considered  to  be  constant  for  the 
duration  of  loading  involved. 

Efforts  to  obtain  the  values  of  Poisson's  ratios  by 
inspection  of  graphs  were  found  to  be  inaccurate  and  hence  a 
least  squares  slope  was  calculated  for  each  of  the  specimens 
by  use  of  a  computer  program  for  the  IBM  7094  computer.   A 
tabulation  of  some  values  of  Poisson's  ratios  determined 
from  uniaxial  compression  tests  is  shown  in  Table  5.   The 
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TABLE  5 

Poisson's  Ratios  Obtained  from  Uniaxial  Compression  Tests 

Temperature:  80°F 

Stress,  psi              (-)  A*21  (-)  /*31 

23.1                   1.33  0.21 

0.25  0.45 

0.48  0.40 

0 . 44  0 .  24 

0.66  0.47 

1.26  0.2? 
0.31 


40.8                  0.47  0.28 

0.47  0.43 

0.40  0.59 

0.46  0.31 

0.42  0.81 

0.68  0.33 

0.42  0.50 

0.63  0.37 
0.52 


58.3  0.45  0.40 

0.41  0.25 

0.30  0.50 

0.27  0.34 

0.78  0.79 

0.38  0.35 
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variability  in  the  magnitude  of  Poisson's  ratio  is  evident 
from  observations  of  data  in  this  table. 

The  measurement  of  Poisson's  ratios  in  particular  direc- 
tions is  required  for  the  evaluation  of  several  material 
coefficients,  namely  C^?,  C\j   and  Co|.   Figure  1^  shows  a 
histogram  of  the  values  of  Poisson's  ratios  made  from  165 
determinations.   Although  the  larger  portion  of  the  values  of 
Poisson's  ratio  measured  lies  between  0.0  and  0.5,  it  is  not 
possible  to  observe  from  this  plot  or  from  tabular  data  what 
value  of  Poisson's  ratio  is  measured  most  consistently  for 
particular  conditions  of  load  and  temperature.   Mo  trends  of 
uniformity  were  evident  in  values  of  this  ratio  obtained  from 
uniaxial  compression  tests  without  volume  change  measurement. 
everal  hypotheses  are  advanced  to  explain  the  apparent 
randomness  of  the  observed  values  of  Poisson's  ratio.   The 
first  of  these  hypotheses  is  related  to  the  small  size  of  the 
strains  being  measured.   Figure  15  shows  by  means  of  arrows 
the  positions  of  the  transverse  gages  in  their  assumed  initial 
position.   In  reality,  the  test  may  have  proceded  as  shown  in 
B,  in  which  case  the  eccentricity  of  the  specimen  would  obscure 
the  measurement  of  transverse  strains  be  altering  the  gage 
length.   Since  the  order  of  magnitude  of  transverse  strains 
was  approximately  1  to  5  x  0.0001  inch,  the  eccentricity  shown 
would  distort  the  observed  values  of  Poisson's  ratio  signifi- 
cantly.  A  second  reason  that  is  hypothesized  for  the  erratic 
behavior  of  measurements  of  Poisson's  ratio  is  that  nonhomo- 
geneities  in  the  strength  of  the  bituminous  mixture  might  have 
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contributed  to  bending  of  the  specimens  and  also  to  observed 
randomness  of  transverse  strains. 

Although  specimen  face?  were  polished  with  an  800  mesh 
grinding  compound,  surface  rugosity  was  a  factor  possibly- 
contributing  to  the  discrepancies  that  are  reported  here. 
The  contact  points  of  the  transducers  may  have  moved  relative 
to  their  initial  positions  during  the  course  of  compression 
testing  and  he-ice  may  have  moved  into  or  out  of  small  depress- 
ions in  the  surface  of  the  specimens.   Surface  voids  in  the 
bituminous  mixture,  although  minimal  in  this  instance,  would 
apparently  preclude  the  definition  of  Polsson's  ratio  by 
measurements  of  the  change  in  linear  dimensions.   This  consid- 
eration is  especially  pertinent  in  testing  more  ot>en-graded 
mixtures . 

In  addition  to  these  reasons,  it  is  possible  that  the 
values  of  Poisson's  ratios  measured  were  correct  values  of  the 
ratio  for  the  points  where  these  measurements  were  taken, 
since  the  mode  of  development  of  small  deformations  is  not 
well  understood,  it  is  possible  that'  the  position  of  the 
transducers  on  either  a  stone  face  or  on  the  bituminous  mater- 
ial matrix  are  reflected  in  widely  differing  values  of 
Poisson's  ratio.   Figure  16  shows  a  photograph  of  the  relief 
of  a  compression  specimen  in  which  stone  particles  have  begun 
to  project  from  the  originally  smooth  surface.   It  is  probable 
that  movement  of  these  discrete  particles  obscure^  the  dist- 
ribution of  Poisson's  ratio  which  exists  for  bulk  volume. 

In  addition  to  this,  it  is  probable  that  the  distribution 


FIGURE     16.      SURFACE     IRREGULARITIES 

AFTER     COMPRESSION 
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of  Poisson's  ratio  shown  in  Figure  14  would  be  different  had 
the  transverse  strains  been  measured  at  some  location  other 
than  at  the  midpoint  of  the  specimen  sides.   Hence,  it  is  not 
unreasonable  to  find  that  Poisson's  ratios  obtained  from 
dimension  change  measurements  and  from  volume  change  measure- 
ments do  not  agree. 

Uniaxial  Compression  Test  Results  with  Volume  Change  Measurements 

Poisson's  ratio  was  also  obtained  from  uniaxial  compress- 
ion tests  with  volume  change  measurements.   These  tests  were 
performed  to  circumvent  the  difficulties  involved  in  measuring 
Poisson's  ratio  by  linear  dimension  change.   Results  from 
uniaxial  compression  tests  with  volume  change  measurements 
are  presented  in  Tables  6  and  7.   Fierure  17  shows  graphically 
the  data  from  Tables  6  and  7  when  Poisson's  ratios  are  plotted 
as  functions  of  time.   The  specimens  used  in  these  tests  were 
prepared  from  the  same  beam  and  from  the  same  orientations  as 
the  specimens  tested  in  uniaxial  compression  tests  without 
volume  change  measurements. 

Data  presented  graphically  indicate  Poisson's  ratios  are 
slowly  varying  functions  of  time  of  loading  for  the  time  inter- 
val of  one  hour.   For  short  durations  of  load  the  assumption 
that  Poisson's  ratio  does  not  vary  appears  to  be  justified. 
Poisson's  ratio  varies  in  these  particular  tests  from  approxi- 
mately 0.43  to  0.52.   The  maximum  axial  strain  in  these  tests 
is  approximately  two  percent  whereas  the  maximum  strain  per 
load  in  uniaxial  compression  tests  without  volume  chancre 
measurements  was  approximately  0.2  percent.   It  should  be 
noted  that  this  latter  maximum  value  of  strain  is  only  approx- 


61 


mate  since  it  was  obtained  from  a  test  specimen  that  had  been 
loaded  several  times  and  had  probably  acquired  some  permanent 
deformation  that  was  not  included  in  strain  computations. 

The  determination  of  Poisson's  ratios  by  volume  change 
measurements  appears  to  be  a  satisfactory  mode  of  measurement 
although  extrapolation  to  smaller  time  values  is  presently  re- 
quired.  It  is  apparent  that  more  experimental  work  needs  to 
be  devoted  to  the  determination  of  Poisson's  ratios  for  short 
durations  of  load.   The  possibility  of  using  air-gap  capacitance 
measurements  was  considered;  however,  resolution  of  the  small 
deformations  expected  was  not  considered  adequate  at  this  time 
for  the  conditions  of  the  study. 

It  should  be  noted  from  Tables  6  and  7  that  volume  change 
from  compression  tests  is  negative  for  small  strains  for  both 
specimens . 

Stiffness  moduli  were  not  computed  from  this  test  since 
sufficiently  accurate  moduli  were  determined  previously  from 
the  uniaxial  compression  test  without  volume  change  measure- 
ment.  The  smallest  value  of  Poisson's  ratio  in  the  tabular 
data  was  selected  as  that  most  representative  of  the  ratio 
that  existed  during  shorter  loading  times.   Hence,  the  value 
of  1X^3  was  -0.^3  as  shown  after  the  one  minute  reading  in 
Table  7. 

The  sum  of  Lko\.   and  M^l   can  tie  ^etermi-ned  ^   considering 
some  relations  obtained  from  volume  change  measurements. 

The  volume  dilation  expressed  as  a  function  of  strain 
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invariants  is: 

AJ      =  ]/   1  +  2jT  -  i(.J2  +  8J3  -  1 
V     T 
where  Jj_,  J2  and  J^  are  the  first,  second  and  third  invariants 

of  strain,  respectively.   For  small  strains  this  expression 

reduces  to: 

&L.   =  d(cii  +  C12  +  G3i) 
or 

From  Figure  1?    it  can  be  noted  that  the  degree  of  aniso- 
tropy  can  be  characterized  by  the  ratio   W;^.   It  is  also 
noted  from  the  firure  that  this  ratio  varies;  however,,  it 
appears  that  a  representative  value  of  this  quantity  might  be 
in  the  approximate  range  1.1  to  1.8.   If  E3/E1  =  1.5  Is  selected 
as  a  representative  value  of  this  ratio  for  the  duration  of 
loads  and  the  range  of  temperature  investigated,  then 

E^  =  1.5^1   an(i 

E3  =  1.5 ip  for  transverse  anisotrouy. 

In  the  .absence  of  other  relationships  it  was  assumed  that 
the  strain  ratio  CL/C?,  which  involves  strains  in  directions 
orthogonal  to  the  applied  stress,  could  be  approximated  by 
Ep/E-a.   Hence, 

AY   -    1  =  ±2    +  _fj 

vc  1      ei   €i 

may  be  written 

4v  -  1  =  1.5^3  +   £3     =  2.5/<3l 

From  Table  6  it  is  found  that  after  one  minute 
A  V  -  1  =  -0.88 


03 

hence: 

2.5yW31  =  -0.88   and 

yu31  =  -0.35 
yW2l  =  -0.53 
From  the  two  compression  tests  It  has  been  possible  to 
determine  five  of  the  six  material  coefficients.   Writing  these 
coefficients  in  functional  notation  gives: 
C11(t,T,<T)  =      1 

E1(ttTt<rT 
c12(t,T,<r)  =   -0.53 

Si(t,T,  or) 

Gn(t,TtO-)  =    -0.35 

E3(t.T,cr) 

33        E3(t,T,cr) 
c31(t,r,o-)  =   -0.43 

z,  ^  ( t  ,  T ,  C~ ) 

Because  Poisson's  ratio  varies  slowly  over  a  relatively 
long  time  interval  in  testing,  these  ratios  are  assumed  to  be 
constant  for  the  material.   Additional  experimental  work  will 
be  necessary  to  refine  these  measurements.   The  stiffness 
moduli,  £j_  and  E3,  are  characterized  by  the  logarithmic  slope, 
m,  and  the  JO   second  intercept;  hence  Ei  may  be  written: 

log  Ei(t,r,CT)  =  log  E1(30,T,O')  +  m(t,T,<T)  log  t    T.O" 
A  si. Har  expression  holds  for  the  modulus  E3« 

The  next  two  sections  present  results  of  the  determination 
of  the  sixth  material  coefficient,  C44,  as  well  as  a  test  of 
necessity  for  establishing  invariance  of  the  coefficients. 
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Direct  Shear  Test  Results 

Shear  test  results  from  specimens  cut  from  the  same  beam 
of  compacted  bituminous  material  are  shown  in  the  lower  portion 
of  Figure  10.  Tabular  data  are  shown  in  Appendix  D.  The  re- 
sults show  that  the  moduli  defined  from  shear  tests  behave  in 
approximately  the  same  way  as  the  moduli  determined  from  com- 
pression tests.   Hence  the  shear  modulus  has  the  form: 

log  G13(t,T,  CT)    =  log  G13(30,T,  C7")  +  m'  (t.T,  <T  )  log  t   |  T,  (7 
where,  as  in  the  preceding  section,  the  quantities  G^o(30,T,  C) 
and  m'(t,T,  CT)  characterize  the  deformation  response  of  the 
mixture  to  specific  inputs. 

It  should  be  noted  that  in  all  cases  shear  test  moduli 
are  less  than  compression  moduli.   Some  questions  arose  con- 
cerning the  appropriate  thickness  of  test  specimen  for  obtain- 
ing shear  without  bending.   The  criterion  for  selecting  %-inch 
thick  specimens  was  that  this  thickness  permitted  the  least 
interference  of  boundary  conditions  with  the  maximum  size 
particles  since  smaller  thicknesses  would  not  be  at  least  two 
multiples  of  the  nominal  maximum  size  aggregate.   Specimens  of 
5-inch  thickness  were  also  tested  in  direct  shear  and  results 
for  some  of  these  tests  are  shown  in  Figure  13,  19  and  20. 
Because  the  thinnner  test  specimens  yielded  an  increase  of  the 
moduli  of  only  several  percent  rather  than  a  many-fold  increase, 
it  was  decided  that  bending  influences  were  minimal  in  the 
|-inch  thick  specimen  and  hence  this  specimen  size  was  satis- 
factory for  the  determination  of  shear  moduli. 

It  is  suggested  that  an  alternate  method  of  determining 
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the  proper  thickness  for  direct  shear  specimens  can  be  obtained 
from  considerations  of  relations  involving  Poisson«s  ratio. 
From  the  last  equation  of  material  behavior,  i.e. 

£€6  =  og(Cn  -  c12), 

_^2  =  1  -  ^21 


or 


2  Of,     E-l    E]_ 


Si  - x "  /« 


Hence,  from  the  knowledge  of  Ej  and  JU21  it  is  possible  to 
select  as  the  correct  thickness  of  the  direct  shear  specimen 
that  thickness  for  which 

G12  =     El 

2(1  -JA?1) 

Prom  Figure  10  it  can  be  seen  that  the  slopes  of  the 
compression  moduli  and  shear  moduli  are  approximately  equal. 
This  implies  that  the  ratio  Ei/2G12  a^d  1  - }A 21   WH1  be  con- 
stant over  the  time  range  considered  here.   This  is  another 
indication  of  the  independence  of  Poisson's  ratio  with  respect 
to  time  of  loading. 

Comparison  of  Shear  and  Torsion  Test  Results 
Comparison  of  shear  moduli  obtained  from  tests  with 
different  boundary  conditions  was  required  to  determine 
whether  a  necessary  condition  for  the  invariance  of  the  mater- 
ial coefficients  was  satisfied.   Six  specimens  for  direct 
shear  testing  and  six  specimens  for  torsion  testing  were  cut 
from  the  same  beam  of  compacted  bituminous  mixture.   The 
volumes  and  loaded  areas  of  the  specimens  tested  in  direct 
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shear  and  torsion  were  as  follows: 

Direct  Shear        Torsion 
Volume  of  Material,  in3       O.53  O.50 

Loaded  Area,  in2  1.06  O.98 

It  should  be  noted  that  the  volumes  and  loaded  areas  of  the 
test  specimens  are  nearly  equal.   Results  of  the  tests  are 
presented  in  Tables  8  and  9  and  in  Figures  21,  22  and  23. 
The  logarithmic  slopes  and  intercepts  at  30  seconds  of  loading 
for  each  stress  are  presented  in  Tables  10  and  11.   Ninety-five 
percent  confidence  intervals  given  in  Table  12  and  plotted  in 
Figures  21,  22  and  23  show  that  the  two  tests  with  different 
boundary  conditions  yield  essentially  the  same  value  for  the 
moduli  even  though  experimental  deviations  exist  for  results 
from  each  test.   Consequently,  it  can  be  concluded  that  the 
values  of  the  moduli  obtained  are,  of  necessity,  invariant 
material  moduli. 

The  area  of  the  two  overlapping  confidence  intervals  is 
shaded  in  Figures  21,  22  and  23.   This  overlap  further  demon- 
strates that  the  moduli  obtained  are  independent  of  the  boundary 
conditions  of  the  tests.   From  Tables  10  and  11  it  can  be  noted 
that  average  logarithmic  slopes  and  intercepts  at  30  seconds 
decrease  with  increasing  stress  for  both  shear  and  torsion  tests, 
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TABLE  8 


Torsion 

Modulus 

(psi  x 

10-*) 

Specimen  No. 

Tim 

e  (Seci 

onds ) 

i 

10 

h 

20     25    30 

1 

2.06 

1.38 

1.12 

1.02  0.90  0.84 

2 

1.38 

1.07 

0.90 

0.78  0.71  O.67 

3 

2.14 

1.52 

1.31 

1.07  0.98  0-90 

4 

1.82 

1.47 

1.24 

1.12  1.05  0 .98 

5 

1.96 

1.31 

1.05 

0.90  0 .80  0 .72 

6 

2.14 

1.63 

1.32 

1.18  1.05  0 .93 

Avg. 

1.92 

1.40 

1.16 

1.01  0 .92  0 .85 

1 

2.14 

1.43 

1.15 

O.97  0.88  0.80 

2 

1.54 

1.12 

0  .94 

0.85  0.78  0.73 

3 

1.66 

1.22 

1.01 

0.87  0.77  0.70 

4 

1.66 

1.26 

1.04 

0.92  0.83  0.77 

5 

1.39 

1.38 

1.12 

0.98  0.88  0.83 

6 

I.38 

0.99 

0.83 

0.73  0.66  0.61 

Avg. 

1.71 

1.23 

1.02 

0.89  0.80  0.74 

1 

1.98 

1.29 

1.06 

0.90  0.78  0.71 

2 

1.64 

1.19 

0.99 

0.87  O.78  0.72 

2 

1.99 

1.10 

0.93 

0.80  0.72  0.64 

1.52 

1.06 

0.85 

0.72  O.65  0.61 

5 

1.35 

0.93 

O.76 

0.66  0.59  0.54 

6 

1.35 

0.96 

0.80 

O.69  O.63  0.58 

Avg. 

1.64 

1.09 

0.90 

0.77  O.69  O.63 

Stress  =  23. 1  psi 


Stress  =  40.8  psi 


Stress  =58.3  psi 
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TABLE  9 

Shear  Modulus 
(psi  x  10-2*) 


Specimen  No. 

Time 

(Secoi 

5 

10 

.15 

1 

1.70 

1.22 

0.95 

2 

1.56 

1.22 

1.00 

3 

1.56 

1.16 

0.95 

4 

I.83 

1.46 

1.22 

5 

1.46 

1.16 

0.95 

6 

I.56 

1.22 

1.05 

Avg. 

1.61 

1.23 

•   1.02 

1 

1.42 

1.04 

0.86 

2 

1.56 

1.20 

1.00 

3 

1.42 

1.04 

0.86 

4 

1.73 

1.56 

1.07 

5 

1.42 

1.11 

0.91 

6 

1.56 

1.11 

0  .94 

Avg. 

1.52 

1.18. 

0  .94 

1 

1.24 

0.89 

0.72 

2 

1.39 

1.06 

0.89 

3 

1.48 

1.06 

0.85 

4 

1.39 

1.06 

0.89 

5 

1.27 

0  .93 

0.78 

o 

1.39 

1.01 

0.85 

Avg. 

1.36 

1.00 

0  .83 

20     2$        30 

0.84  0.76  0.69 

0.90  0.81  0.75 

0.84  0.75  0.69 

1.10  0.99  0.92  Stress  =  23.I  psi 

0.88  0.81  0.73 

0.92  0.81  0.75 

0.91  0.82  0.75 


0.74  0.66  0.60 

0.89  0.80  0.74 

0.74  0.68  0.62 

0.94  0.84  0.80  Stress  =  40.8  psi 

0.80  0.71  0.66 

0.82  O.74  0.68 

0.82  0 .74  0.68 


0.62  0.56  0.51 
0.79  0.72  0.66 
0.74  0.66  0.59 
0.77  O.67  0.62  Stress  =  58.3  psi 


0 .68  0 .62  0 .56 
0.7^  0 .66  0.60 
0.72  0 .61  0-59 
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TABLE  12 

95$  Confidence  Intervals  for  Shear  and  Torsion  Moduli 

(psi  x  10-*) 

Torsion  Modulus 

(X10   psi) 5  Seconds 30  Seconds 

Stress 


23.1  psi  1.92  +  0.31  0.85  ±  0.14 

40.8  psi  1.71  +  0.29  0.7^  +  0.08 

58.3  psi  1.64  +  0.31  O.63  +  0.07 


Shear  Modulus 
(XIQ-Vsi) 


Stress 


23.1  psi  1.61  +  0.14  0.75  ±  0.09 

40.8  psi  1.52  +  0.13  0.68  +  0.08 

58.3  psi  1.36  +  0.09  0.59  +  0.05 
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SUMMARY  OF  RESULTS  AND  CONCLUSIONS 


The  results  and  conclusions  justified  by  data  obtained 
in  this  study  are  summarized  here.   The  scope  of  the  study 
included  one  bituminous  mixture,  laboratory  compacted,  tested 
at  three  stress  and  three  temperature  levels,  and  for  durations 
of  loading  up  to  thirty  seconds.   It  should  be  recognized  that 
these  results  and  conclusions  are  known  to  be  applicable  only 
to  the  materials  and  testing  procedures  used  in  this  investi- 
gation.  Extrapolation  of  experimental  results  is  not  justified 
without  further  testing. 

1.   Six  material  coefficients  exist  and  may  be  used  for 
the  description  of  the  stress-strain  behavior  of  transversely 
anisotropic,  statistically  homogeneous,  nonconservative  mater- 
ials subjected  to  small  strains.   The  coefficients  which  re- 
late stress  to  strain  are  shown  below  and  in  the  section 
entitled  development  of  theory  as  follows 

"€i 

£2 


1 

£21 

A13 
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2.  The  methods  of  this  invest igat ion  provide  quantitative 
parameters  that  relate  the  common  engineering  concepts  of  stress 
and  strain.   These  parameters  can  be  used  in  the  description, 
evaluation  and  design  of  bituminous  mixtures  for  the  prefallure 
conditions  considered  in  the  testing  program.   Reliability  of 
the  parameters  was  established  statistically  for  material 
coefficients  obtained  from  shear  and  torsion  tests. 

3.  It  is  feasible  to  determine  the  values  of  the  six 
material  coefficients  by  the  testing  methods  utilized  in  this 
study.   From  determinations  of  the  material  coefficients, 
strains  can  be  predicted,  temperature  and  stress  dependence 
of  the  bituminous  mixture  can  be  assessed  and  a  measure  of 
transverse  anisotropy  can  be  obtained.   Tests  include  uniaxial 
compressions  tests,  direct  shear  tests,  torsion  tests  and  uni- 
axial compression  tests  with  volume  change  measurements. 

4.  For  the  bituminous  mixture  tested,  stiffnesses  in 
compression  were  greater  in  the  direction  of  imposed  compaction 
forces  than  in  orthogonal  directions  indicating  that  assumptions 
of  isotropy  for  bituminous  mixtures  are  questionable.   The 
logarithm  of  mixture  stiffness  was  found  to  vary  essentially 
linearly  when  plotted  against  the  logarithm  of  time  for  the 
time  Interval  from  five  to  thirty  seconds.   Mixture  stiffness 
also  decreased  with  increasing  stresses  and  test  temperatures. 
Anisotropy  appears  to  be  independent  of  time,  for  the  mixture 
tested,  at  each  stress  level  and  temperature  of  the  study. 

5.  A  necessary  condition  for  the  Imparlance  of  the  mater- 
ial coefficients  was  satisfied  for  the  mixture  used  in  this 
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study.   Both  torsion  and  direct  shear  tests  yielded  essentially 
the  same  values  for  the  shear  modulus  for  three  magnitudes  of 
stress  applied  at  the  80°F  test  temperature. 

6.  Poisson's  ratios  obtained  from  volumetric  measurements 
and  linear  measurements  did  not  agree  and  additional  work  is 
necessary  to  determine  accurately  the  dependence  of  Poisson's 
ratios  on  temperature  and  applied  stress  for  small  strains. 
Data  from  volume  change  measurements  indicate  that  Poisson's 
ratio  is  independent  of  time  for  the  conditions  of  this  test. 

7.  The  strain  gage  displacement  transducer  developed 
for  the  measurement  of  deformations  was  satisfactory  for  the 
time,  temperature  and  stress  conditions  of  this  study.   Instru- 
mentation of  the  typical  element  of  bituminous  material  for 
the  purpose  of  determining  the  material  coefficients,  Cjj, 

was  completely  satisfactory  and  sufficiently  accurate  for  the 
boundary  conditions  utilized  during  testing. 
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SUGGESTIONS  FOR  FURTHER  RESEARCH 

The  research  undertaken  and  completed  in  this  project 
has  exposed  other  questions  and  problems  that  might  also  be 
investigated  with  fruitful  results.   In  this  section  five 
specific  projects,  among  others,  are  proposed. 

1.  The  limitations  imposed  by  instrumentation  on  the 
measurement  of  small  strains  should  motivate  additional  work 
on  the  development  of  displacement  transducers  for  small 
deformations.   Work  on  transducers  that  could  be  used  in 
conjunction  with  volume  change  measurements  would  assist  a 
more  exact  definition  of  Poisson's  ratio.   A  profitable 
approach  might  be  made  by  utilizing  more  recently  available 
stable  linear  variable  differential  transformers  or  trans- 
ducers made  with  self-temperature-compensated  semiconductor 
strain  gages . 

2.  This  study  was  concerned  with  the  material  coeffi- 
cients defined  from  creep  moduli.   A  companion  examination  of 
relaxation  coefficients  and  moduli  would  assist  in  the  optimum 
utilization  of  data  obtained  from  this  study.   Both  deformation 
and  recovery  occur  and  may  be  observed  in  flexible  pavements 

in  service. 

3.  A  study  of  the  effect  of  mixture  variables  upon  the 
material  coefficients  would  provide  additional  bases  for  using 
the  theory  of  this  study  to  assist  in  prediction  of  mixture 
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performance. 

^ .      Other  variable  factors  that  deserve  consideration  in 
future  testing  are  combined  stresses  and  the  time  interval 
between  loads.   The  possibility  of  superposing  time,  temper- 
ature and  cycle  effects  in  the  constitutive  equations  for 
bituminous  mixtures  should  also  be  investigated. 

5.  To  be  ultimately  useful,  the  concepts  and  data  of 
the  laboratory  should  provide  a  basis  for  predicting  the 
field  performance  of  bituminous  mixtures.   It  is  suggested 
that  companion  studies'  utilize  data  and/or  experience  from 
this  research  to  investigate  the  validity  of  the  method  pro- 
posed in  this  study  for  the  design  of  bituminous  mixtures 
used  in  any  layer  of  a  flexible  pavement.   To  this  end  a 
field  study  would  be  desirable  to  help  assess  the  usefulness 
and  precision  of  testing  methods  proposed  here. 

6.  A  larger  portion  of  engineering  design  and  planning 
is  being  relegated  to  electronic  computers.   It  is  suggested 
that  one  research  project  might  incorporate  the  conjunction  of 
deterministic  material  properties  obtained  in  this  study  and 
stochastic  variables  of  vehicle  weight  and  headway  distri- 
bution in  a  computer  program.   .Simulation  of  traffic  and 
temperature  conditions  together  with  pavement  performance 

can  be  studied  in  this  way  to  assist  in  optimizing  the  design 
of  bituminous  mixtures  relative  to  their  expected  use. 
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APPENDIX  A 


Notation 


This  appendix  is  included  to  specify  the  conventions  used 
in  defining  stresses,  strains  and  various  ratios  and  moduli 
that  are  discussed  in  the  main  body  of  the  text.   Because 
tensor  notation  is  common  in  the  literature  of  the  theory  of 
elasticity  and  continuum  mechanics,  the  coordinate  axes  have 
been  designated  x1#  x2  X3  rather  than  x,  y,  z.   Other  depart- 
ures from  the  engineering  notation  popularized  by  Tlmoshenko 
and  others  are  evident.   The  notation  utilized  here  follows 
closely  that  recommended  as  standard  by  the  Institute  of  Radio 
Engineers  and  used  by  Hearmon  (20). 

A  standard  convention  in  matrix  notation  is  to  use  the 
first  subscript  following  a  matrix  element  to  designate  the 
number  of  the  row  in  which  the  element  is  located  and  the 
second  subscript  to  designate  the  number  of  the  column  in  which 
the  element  is  located.   Hence  a.  .  refers  to  the  element  a  in 
the  i-th  row  and  the  j-th  column. 

The  orientation  of  the  coordinate  system  in  which  stresses 
are  described  is  shown  in  Figure  24.   Referenced  to  this 
coordinate  system  is  a  sketch  of  the  compacted  beam  of 
bituminous  mixture  from  which  test  specimens  were  prepared. 

The  stresses  shown  on  the  beam  illustrate  the  notation 
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convention  used  throughout  the  discussion.   In  general,  cT^ 
are  normal  components  of  stress  and  (T^ ,    (i  ^  j)  are  tangential 
components. 

The  strains,  €, . ,  are  extensional  strains  defined  as 
(change  in  length)/ (original  length).   The  components  €ji 
(i  ^  j)  are  shear  strains  and  are  defined  diagrammatically  in 
the  lower  portion  of  Figure  24. 

tfhen  the  shear  stress  <T\-x   acts  as  shown  in  the  figure, 
a  distortion  occurs  in  the  element  causing  the  unit  square 
A3C0  to  change  into  the  rhombus  AB'C'O.   The  angles  BAB'  and 
COG1  are  each  equal  to  £-13. 

In  matrix  form  the  stresses  and  strains  are  shown  as: 


S   = 


11 


12 


'13 


CT2l      ff22      <T23 
0*31     032     033 


€  ii       ^^12       *€13 

|^21  ^22        t>£23 

|- £31    §  £32     €33 
The  off -diagonal  elements  0"ij.       (1  ^  j)  are  symmetri- 
cal about  the   diagonal  by  reason  of  the  condition  for  zero 
rotation  of  the  typical  element.   The  double  subscripts  shown 
here  are  used  in  a  contracted  form  in  the  main  body  of  the 
text.   Hence  the  following  equivalence  relations  are  defined: 


0"i  =  (T, 


11 


<rL  =  <r 


23 


02  =  ^22 
0*5  =  013 


S  = 


'33 
=  012 
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^1  =     €11  €2  =    £22  €3  =    £33 

€1+  =    C23  €5  =    €13  €6  =    €12 

The  subscript  convention  for  Poisson's  ratio  involves  two 

numbers.   In  general,  U^*   denotes  poisson's  ratio,  C^/  €" * , 
when  the  stress  is  directed  along  the  coordinate  axis  x*. 
The  time-  and  temperature-dependent  shear  modulus  is  denoted 
by  the  letter  G,  while  the  moduli  defined  from  normal  strains 
in  the  x^  and  Xo  directions  are  designated  E^  and  1j, 
respectively. 
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APPENDIX  B 

materials  and  Preparation  of  Specimens 

'.pecimens  for  compression,  shear  and  torsion  tests  were 
prepared  from  aggregate  blended  to  conform  to  the  grading 
curve  shown  in  Figure  25.   Table  13  shows  the  sieve  analysis 
and  origin  of  the  aggregate  used  in  testing.   After  being 
blended  in  2200  gram  batches,  the  aggregate  was  placed  in  an 
oven  and  heated  to  325°F. 

A  60-70  penetration  asphalt  cement  having  the  properties 
shown  in  Table  1^  was  used  in  this  study.   The  asphalt  was 
heated  to  325°P  and  then  mixed  with  the  heated  aggregate  in 
a  mechanical  mixer  for  two  minutes.   The  weight  of  asphalt 
cement  mixed  with  the  aggregate  was  5  percent  by  weight  of 
the  aggregate.   After  mixing  was  completed,  each  batch  was 
put  in  flat  pans  and  placed  in  a  forced-air  draft  oven  to 
cure  for  Zk   hours  at  1^0°F. 

Compaction  of  the  bituminous  mixture  was  started  after 
the  mixture  was  reheated  to  325°F.   The  heated  mixture  was 
placed  in  two  layers  in  the  heated  beam  mold  shown  in  Figure 
26.   Each  layer  was  tamped  25  times  with  a  §-lnch  diameter, 
round-end  tamping  rod. 

The  mixture  in  the  beam  mold  was  compacted  in  the 
kneading  compactor  by  the  special  tamping  foot  shown  with 
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TABLE  13 
Sieve  Analysis  of  Aggregates 

Material 

Crushed  Greencastle  Limestone 


Sieve 

Fraction, ' 

Passing 

Reta 

Ined 

No.  k 

No. 

6 

17 

No.  6 

No. 

8 

13 

No.  8 

No. 

16 

20 

No.  16 

No. 

30 

17 

No.  30 

No. 

50 

13 

No.  50 

No. 

100 

10 

No.  100 

No. 

200 

5 

No.  200 

5 

River  Terrace  Sand  (Lafayette) 


Greencastle  Limestone  Filler 
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TABLE  14 

Results  of  Tests  on  Asphalt  Cement 
Specific  Gravity  @  ?7°F  I.O36 

Softening  Point,  Ring  and  Ball,  °F  124 

Duotility  at  77°F,  5  cm/min,  cm  200  + 

Penetration,  100  grams,  5  sec,  77°F  66 

Penetration,  200  grams,  60  sec,  32°F  17 

Loss  on  Heating,  50  grams,  5  hr. ,  325°F,  %  0.01 

Penetration  of  Residue,  percent  of  original     89 
Flash  Point,  Cleveland  Open  Cup,  °F  595 

Solubility  in  CCl^,  percent  99.84 


FIGURE    26.    MOLD  AND  TAMPING  FOOT  FOR 

COMPACTING    BEAM  OF  BITUMINOUS    MIXTURE 
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the  beam  mold  in  Figure  26.   The  mixture  was  compacted  with 
the  tamping  foot  by  moving  the  mold  back  and  forth  its  entire 
length  under  the  tamping  foot  four  times,  using  8  tamps 

i 

during  each  one-way  traverse,  for  each  of  four  different 
compaction  pressures.   Foot  pressures  used  in  compaction 
were  20,  35,  100  and  120  psi,  in  that  order.   After  the  beam 
was  compacted  on  its  top  side  according  to  this  procedure, 
the  mold  and  beam  were  inverted  and  the  procedure  was  re- 
peated.  Hence,  both  the  top  and  the  bottom  of  the  beam  re- 
ceived the  same  compactive  effort. 

After  the  beam  was  compacted,  it  was  removed  from  the 
mold  and  placed  in  a  forced-air  draft  oven  and  cured  for  2h 
hours  at  a  temperature  of  140°F  for  24  hours.   After  the 
curing  period,  the  beam  was  cooled  to  room  temperature. 

The  compacted  beam  was  cut  into  specimens  by  use  of  a 
masonry  saw.   One-inch  pieces  were  cut  from  both  ends  of  the 
beams  and  wasted.   This  was  done  because  it  was  recognized 
that  confinement  at  the  ends  of  the  beam  mold  mip;ht  cause 
compaction  conditions  to  be  atypical  at  these  locations. 

Specimens  for  uniaxial  compression  testing  were  cut 
approximately  0.05  inch  oversize  from  the  beam  by  a  masonry 
saw.   Final  shaping  and  polishing  were  accomplished  on  a 
lapping  wheel  using  100  and  800  mesh  grinding  compounds, 
respectively.   Dimensions  of  the  compression  test  specimens 
were  controlled  to  0.01  inch  by  utilizing  the  jig  shown  in 
Figures  27  and  28.   Final  dimensions  of  the  compression  test 
were  1  x  1  x  2.05  inches. 


FIGURE   27.     UNIAXIAL  COMPRESSION    SPECIMENS 
WITH   JIG  FOR    SIZING 
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FIGURE  28.     JIG   FOR   SPECIMEN    ALIGNMENT 
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Specimens  for  shear  test  ins;  wer<^  also  cut  approximately 
0.05  inch  oversize  from  the  beam  and  then  ground  and  polished 
to  test  dimensions  on  a  lapping  wheel.   Final  dimensions  of 
the  shear  test  specimens  were  1/2  x  1/?  x  2-1/8  inch.   The 
lone;  dimension  of  the  specimen  was  parallel  with  the  x^  axis 
of  the  beam  shown  in  Pisure  2*K 

Torsion  specimens  with  an  outside  diameter  of  1-1/8  inch 
were  cut  from  the  compacted  bituminous  mixture  and  polished 
on  the  lapping  wheel.   The  height  of  the  test  specimens  was 
1/2  inch.   The  axis  of  the  cylindrical  torsion  specimens  was 
parallel  with  the  x-,    axis  of  the  compacted  beam. 

After  the  specimens  were  poliwhed,  they  were  secured  to 
the  specimen  holders  shown  in  ?ifures  5.  8  and  ?9  by  an  epoxy 
formulated  from  the  following  components: 

Epon  (Shell)  Resin  823  55^  by  weight 

Spon  ("hell)  Besin  3?1  33'  by  weight 

Diethylenetriamine  Curing  Agent    9=  by  weight 
In  some  instances  Eastman  910  adhesive  was  used  to  secure 
specimens  to  holders.   .-/hen  the  epoxy  had  hardened,  the  speci- 
mens were  placed  in  the  constant  temperature  room  for  at 
least  4  hours  prior  to  testing.   Sach  specimen  was  tested  on 
the  test  stand  shown  in  Figure  30.   Compression  and  shear 
specimens  were  bolted  to  the  steel  plate  fixed  on  the  surface 
of  the  test  stand  while  the  torsion  specimens  were  tested  on 
the  frame  over  the  concrete  base.   Test  loads  were  applied 
for  30  seconds  and  load  magnitudes  were  23. 1,  ^0.8  and  58.3 
psi  respectively.   Test  loads  for  shear  and  torsion  testing 
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FIGURE   29. 


UNIAXIAL    COMPRESSION   SPECIMEN 
WITH  BASE,  TOP    AND   ALIGNMENT    JEG 


FIGURE    30.   INTERIOR    OF  CONSTANT   TEMPERATURE 

ROOM    SHOWING  TEST  STAND  AND  RECORDER 
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were  applied  by  lead  weights  acting  through  a  wire  and  pulley 
arrangement.   Compression  loads  were  applied  by  lead  weights 
resting  on  a  shaft  that  was  seated  on  the  spherical  bearing 
piece  shown  in  Figure  3.   The  three  stresses  were  applied  to 
specimens  at  temperatures  of  70,  80  and  90°P. 

Instrumentation  developed  for  measurement  of  deformation 
of  the  specimens  is  described  in  Appendix  C. 


APPENDIX  G 
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APPENDIX  C 

Instrumentation 

Instrumentation  was  designed  with  consideration  of  the 
hypothesis  that  a  typical  element  of  bituminous  material 
would  exhibit  transverse  anisotropy.   As  described  in  an 
earlier  section,  coefficients  for  transverse  anisotropy  are 
measureable  in  uniaxial  compression  tests  in  two  orthogonal 
directions  and  in  shear  tests.   The  measurement  of  time- 
dependent  strains  in  both  longitudinal  and  transverse  directions 
was  required.   From  a  review  of  literature  and  preliminary 
laboratory  investigation,  strains  of  the  order  of  1  x  10"  3 
and  1  x  10~^in/in  were  expected  in  the  longitudinal  and  trans- 
verse directions,  respectively. 

The  need  for  a  continuous  record  of  time-dependent  dis- 
placement precluded  the  use  of  optical  gages  or  dial  gages 
because  considerable  time  and  labor  would  be  involved  in 
collecting  data  by  these  means.   In  addition,  physical  discom- 
fort involved  in  reading  this  type  of  gage  at  elevated  or  de- 
pressed temperatures  motivated  the  decision  to  record  deformations 
electronically  (  2 ) . 

Because  it  appeared  possible  to  obtain  resolution  of  the 
small  strains  that  were  anticipated  by  means  of  a  strain  gage 
transducer,  instrumentation  was  developed  to  measure  deformations 
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by  this  mode  of  measurement. 

Sample  calculations  shown  in  Table  15  illustrate  typical 
magnitudes  of  loads  and  strains  that  were  expected  in  a  canti- 
lever type  displacement  transducer  made  from  a  metal  beam. 

The  thin  metal  beam  was  used  at  first  with  semiconductor 
strain  gages  that  were  required  to  measure  the  small  strains 
indicated  by  the  sample  calculations.   Silicon  extrinsic  semi- 
conductor gages  of  the  p-type  were  used  initially.   Because  the 
output  voltage  of  semiconductor  gages  is  very  sensitive  to 
temperature  changes,  temperature  compensation  techniques  had 
to  be  considered. 

Initially,  two  p-type  semiconductor  gages  were  used  in 
adjacent  arms  of  a  idfrieat stone  bridge,  as  shown  in  Figure  Jl. 
This  was  done  to  compensate  for  temperature  changes  by  well- 
known  (6,  7)  circuitry  techniques.   After  initial  testing  in 
an  insulated  enclosure  in  a  constant  temperature  room,  it  was 
found  that  the  gages  did  not  give  an  accurate  measurement  of 
strain.   The  discrepancy  was  apparently  caused  by  the  steep 
slope  of  the  apparent  strain  vs.  temperature  curve  for  p-type 
gages  (32)/ 

To  improve  the  characteristics  of  the  transducer  with 
respect  to  temperature  stability,  metal  foil  gages  were  used 
on  plastic  beams.   Polystyrene  plastic  was  used  for  the  beams 
and  the  strain  gages  were  bonded  with  Eastman  910  adhesive 
and  moistureproof ed  with  a  silicon  gage-coating  compound.   A 
schematic  drawing  of  the  transducer  and  the  circuitry  involved 
are  shown  in  Figure  31  and  a  photograph  of  a  transducer  is 
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TABLE  15 
Sample  Calculations  for  Cantilever  Transducer 


x 


L 


E 


-H  0.5-oM 


Ob  6" 


■ma* 


Given;   Steel  cantilever  beam  as  shown.  /■ 

Find;    P,  ^ax  for   $  =  0.001",  X  =  2" ,  E  =  2.5  x  10°  psi. 


c-P*3       on      p  -.  3EJCOOI)      me/!£   j  _(.fO)(.Q06)i 
*  ~3EI  r  X3  l  17. 

p  -  3(Z.sr)x/Q*(-£'X.oo6)3(.ooO 
r  (8)UZ) 


.-6 


P  -  8.4  x  16"° lb.  =  5.8  t  /o"g 
Deflection    Force 


RAWS 


_/Vc        ffgc_  3£/<S    c 
fc*  -£7   -    Ei  ~      <&*.    £i 


(.003 he  _    (.003)  _ 

Stka/a/ 


^.,/0"fc 
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Shielded 
Cable 


Clamp   for 
stress  relief 


Gage  I  (Tension) 


Tr..-ff.===a 

U      Li    \  Polystyrene  plastic 

\  (  0.2"  x     l/j6M  ) 

'         V_    Gnna     O      (    rnnnratkl 


Gage  2  (  Compression) 


2000    ohm    Resistors 


Excitation 

voltage 

from 
recorder 


R2=  120 
(Gage    2  ) 


When     bridge    is    balanced  , 


R=  2000  ohms 


R4=  2000  ohms 


R. 


R2  R4 


FIGURE  31.     SCHEMATIC    DIAGRAM    OF 

DISPLACEMENT  TRANSDUCER 
AND    WHEATSTONE     BRIDGE 
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shown  in  Figure  32. 

Changes  in  output  voltage  from  the  displacement  trans- 
ducers were  amplified  and  recorded  on  an  eight-channel  electronic 
recorder.   Calibration  of  the  transducers  was  effected  by  de- 
flecting the  end  of  the  cantilever  beam  with  a  micrometer  and 
relating  this  displacement  to  the  magnitude  of  the  pen  dis- 
placement of  the  recorder.   A  typical  calibration  sheet  for 
some  transducers  is  shown  in  Table  16. 

Transducers  were  held  in  place  by  brass  holders  secured 
to  the  metal  surface  of  the  test  stand  by  magnets  which  were 
attached  to  the  brass  holders  by  Eastman  910  adhesive.   A 
holder  Is  shown  in  the  photograph  of  Figure  9. 


FIGURE     32.    DISPLACEMENT    TRANSDUCER 
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TABLE  16 

Typical  Format  for  Transducer  Calibration 
(Metal  Foil  Strain  Gages) 

Temperature:  75  F 
Power  amplifier  setting:  x.02 
Preamplifier  setting,  mv/cm:  2 
Beam  Displacement,  0.0001  inch:  20 

Channel  Gage  Length,  in.      Pen  Displacement , mm. 

1 


4 

5 
6 

7 
8 


1 

3/4 

25 
38 

1 
3/4 

25 
47 

1 
3/4 

30 
47 

1 
3/4 

34 
53 

1 
3/4 

28 
47 

1 

3/4 

31 
53 
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TABLE  17 
Stiffness  Moduli  (xlCT^psi) 
Compression  Axis:  Xi,  70°F 
Time  (sec)         23.1  psi         40.8  psl         58.3  psl 

12.9 
9.8 

8.3 
7.3 

6.6 
6.2 


58.3  psi 


5 

17.6 

10 

13.4 

15 

11.1 

20 

9.7 

25 

8.6 

30 

7.9 

Compression 

Axis  : 

*3,  70°? 

Time  (sec) 

23.1  psi 

5 

38.5 

10 

27.5 

15 

22.9 

20 

19.4 

25 

17.6 

30 

16.3 

Compression 

Axis  : 

X1§  80°  F 

Time  (sec) 

23.1  psi 

5 

10.22 

10 

7.75 

15 

6.70 

20 

5.88 

25 

5.40 

30 

5.U 

Compression 

Axis  : 

X3,  80°P 

Time  (sec) 

23.1  psl 

5 

10.22 

10 

7.75 

15 

6.70 

20 

5.88 

25 

5.40 

30 

5.U 

15. 

.5 

12. 

,2 

10. 

,1 

9. 

,0 

8. 

,1 

7. 

,4 

40.8 

psi 

21. 

.5 

15. 

,6 

13. 

,1 

11. 

,8 

10. 

,7 

10. 

,1 

30, 

.7 

21. 

,2 

17. 

,4 

15- 

.3 

13. 

.9 

12. 

,9 

40.8  psl         58.3  psl 

9.52  9.80 

7.28  6.98 

6.35  5.83 

5-71  5.32 

5.35  4.90 

5.04  4.55 


40.8  psl        58.3  psl 

9.52  9.80 

7.28  6.98 

6.35  5.83 

5.71  5.32 

5.35  4.90 

5.04  4.55 
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TABLE  17  (cont'd.) 


40.8  pel  58.3  psl 

6.86  7.24 

5.07  5.45 

4.2?  4.66 

3.81  4.18 

3.43  3.77 

3.26  3.57 

Compression  Axis:  X^,  90°i? 

Time  (sec)         23.1  psl         40.8  psl  58.3  psl 

5               8.44            9.80  12.20 

10              5.72           6.86  8.53 

15              4.73           5.71  7.25 

20               4.06            4.91  6.32 

25              3.65           4.42  5.80 

30              3.35           4.04  5.45 


Compression 

Axis : 

Xl. 

90°P 

Time  (sec) 

23 

.  1  psi 

5 
10 

15 
20 

6.48 
4.85 
4.05 
3.60 

25 

30 

3.23 
3.03 
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TABLE  18 
Shear  Moduli  (xlO"%si) 


70°F 

Time  (sec) 

23.1  psi 

40.8  psi 

58.?  psi 

5 
10 

15 
20 

25 
30 

2.77 
2.42 
2.16 
1.94 
1.76 
1.62 

3.12 
2.45 
2.02 
1.80 
1.63 
1.56 

2.23 
1.74 

1.58 
1.44 
1.32 
1.22 

80°F 

Time  (sec) 

23.1  psi 

40.8  psi 

58.3  psi 

5 
10 

15 
20 

25 

30 

1.76 
1.39 
1.21 
1.07 
0.97 
0.93 

1.89 
1.49 
1.22 
1.14 
1.07 
1.01 

1.75 
1.36 

1.19 
1.06 
0.98 
0.91 

90°P 

Time  (sec) 

23.1  psl 

40.8  psi 

58.3  psl 

5 
10 

15 
20 

25 
30 

0.88 

0.59 
0.47 
0.41 
0.37 
0.35 

1.01 

0.7^ 
0.62 
0.54 
0.49 
0.45 

1.02 
0.76 
0.63 
0.54 
0.48 
0.42 
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APPENDIX  E 

If  stresses  are  expressed  in  Taylor's  series  as  functions 
of  several  variables  (strains): 

S  -  KiE.  +k,E,  +  ... 

If  only  small  strains  are  considered  then 

s=  k.e.+k.e, 

When  initial  strains  are  neglected  this  reduces  to 

S=  kE 

The  inverse  relation  2  =  K  S  exists  if  the  strains 
are  single-valued;  hence  the  relation  E  =  Cs  results.   This 
Is  Cauchy's  generalized  expression  of  Hooke's  lavi. 
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